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Abshnd. In this paper we discuss the quantum group GL,(n, H )  obtained by a hyperbolic 
complexification of the quantum group GL,(n), and prove that GLq(n, H )  is isomorphic 
IO the direct product GL,(n)xGL,(n). In particular, SU,(2,H) and S U J l , l ,  H) are 
isomorphic to SL,(2). 

We have proved [l] that there are the following local isomorphic relations between 
the hyperbolic complex linear Lie group GL(n, H )  and the real linear Lie group 
G L b ,  R) 

i o d  isomomhis" 

GL(n,H) - GL(n,R)xGL(n,R) 

I embedding embedding I 
where the n-signature is 7 = diag(+l,. . . ,+l, - 1 , .  . . , -1). Therefore a problem is 
raised: are there the corresponding results for the quantum groups [2-417 In this letter 
the answer is given. 

In the first place, we discuss what is the hyperbolic complexification of the quantum 
group GL,(n). We use the symbols in the book by Abe [ 5 ] .  Suppose that A is a 
commutative ring, and d is the A-algebra with the unit element 1, the structure maps 
are 

qd: A + &  pd: d@lAd+d (2) 

g , ( m p d )  = p d ( p . m )  pd(ooT,)=pd(qdon).  (3) 

obeying the relations 

Let E denote the hyperbolic pure imaginary unit, i.e. e2 = +1, E # f l .  According to 
common addition and multiplication, the set of all elements in the form of a + ~b 
forms a commutative ring H [ 6 ] ,  where a and b are real numbers. The characteristic 
of this ring is that there are mutual nullification divisors [ I ]  z and z*, 

I - €  z * 2 -  * 
zz* = 0 2 2 = z  - 2  (4) z* =- I + &  z = -  

2 2 
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therefore z and z* always play the roles 1 or 0, respectively. In the following we only 
consider the case of A = RI (the real number ring), and suppose that all elements of 
d are independent of E. We define EX = X E  for x E d. Let dH be the set of all elements 
of the form x + EY, x,  y E d. The maps 

T ~ H :  H+dpp, PLS~, :  ~ H O H ~ H + ~ H  ( 5 )  

are defined by 

vx+cy(a+Eb)= v x ( a ) + v y ( b ) + E [ v y ( a ) +  vAb)l= ( a +  Eb)(X+EY) 

ccd, [ ( x  + EY)O(X'+ EY')I 

= P d ( X O X ' ) + P d ( Y O Y ' ) +  E [ P d ( X O Y ' )  + c c d ( x ' O Y ) l  

( x  + EY)( x' + EY'). ( 6 )  

It can be easily verified that qdH and pdN satisfy (3) while d is substituted by d,, 
therefore dH is an H-algebra with the structure maps vd,, and pdw. In this H-algebra 
we find a simpi; and interesting identity which plays a key role in our discussions, i.e. 

Generally, we have 

where ll denotes the product in the natural order, i.e. r17=l xi  = x , x 2 .  . . x.. 

the Yang-Baxter equation is satisfied [ 4 ]  
An element of GL,(n) can be defined as an n x n matrix M = [ M , ] ,  M ,  E d, and 

R ( M O n ) ( n O M ) = ( n O M ) ( M O n ) R  (9) 

where R is the R-matrix. If d and M, respectively, are substituted by dH and 
MH = [ M ( H ) , ] ,  M( , ) ,  E dH, then a quantum group GL,(n, H )  can be similarly defined 
which is the hyperbolic complexification of GL,(n). 

We discuss the relation between GL,(n, H )  and GL,(n). Let the map p be defined 
by 

p:  GL,(n) xGL,(n)+GL,(n, H )  

P ( M ,  N ) =  0 M ,  N E G L J N )  (10) 

E Q, = f (  M ,  + N ~ )  +- ( M~ - N ~ ) .  
2 

In the first instance, we must prove that this definition is reasonable, i.e. Q really is a 
quantum matrix in GL,(n, H).  The tensor form of the Yang-Baxter equation (9) is 

R I ~ & L M ~ ~  X MjiMtJL~mn. (11) 
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By using (7) we have 

r 

= QjIQ&imn 

therefore Q is indeed a quantum matrix in GL,(n, H). 
Let us prove that p is an isomorphism. In fact, 

p [ ( M ,  N )  ' (M' ,  N ' ) ]  = p ( M M ' ,  NN')  = P 

Pg = f (  M&fL+ N;,NL) +- (M,,M:, - N,,N,). (13) 
E 

2 

By using (7)  we have 

1 E 

2 
E 

$(Mi, + N,)  +- (Mi, - N!,) f ( M L  + Nij) +- ( Mij - N;)  2 
(14) 

i.e. 

P[(M, N I .  ( M ' ,  N ' ) I = p ( M  N ) .  p ( M ' ,  N') .  (15) 

p(1,1) = 1. (16) 
If S = [ S g ]  is an arbitrary element of GL,( n, H ) ,  then S,  can be written as S,  = xv + & y U ,  

xu, yg E Sp. By the Yang-Baxter equation, we have 

(17) 

Since the R-matrix R is independent of the imaginary unit E, (17) can be split into 
the real part and the imaginary part 

Next, it is evident that 

R v k i ( X k m  + E Y x m ) ( X i n  + E Y i n ) = ( X j i +  E y j i ) ( X t k + ~ ~ i * ) R x i m n .  

R W ( x k m X I n  + Y k d l v r . )  = (xjf&k + y j f l i k ) R k l m "  

(18) 
R g k l  ( & d i n  + Y k m x l n )  = (x j f l i k  + Y j i x i k )  R k i m n .  

From (18), it is easily seen that if 

(19) 

M, NEGL,(n) P(M, N )  = S (20) 

p :  GL,(n)xGL,(n)=GL,(n, H). (21) 

N..  = x.. -y. 
1 1 ' 1 1 )  M..  = x . . + y , .  'I 'I J 

then we have 

i.e. the map p is full. Therefore the map p is indeed an isomorphism, 

Equation (21) returns to the case of (1) as q+ 1; however GL(n) and GL(n, If) are 
not permeated with the limits of GL,(n) and GL,(n, H), respectively. 

The quantum determinant of M is defined by 

det,(M) = 2 (-q)-""'M,,,M,, . . . Mmrn (22) 
VES. 



L400 Letter to the Editor 

where S. is the symmetric group and 1(u) is the length of U with respect to the simple 
transformations. The following equation is easily obtained from (8) 

1+E I - &  
det,[ p ( M ,  N)]  =-det,(M)+- 2 2 det,( N) (23) 

in particular, we have 

det,[p(M, N)] = det,(M). (24) 

p :  SL,(n) x SL,(n) = SL,(n, H). (25)  

Therefore we obtain an isomorphism 

Now we discuss the quantum groups SU,(2, H )  and SU,(l, 1, H). Suppose that SB 
is a C*-algebra. Let k = + l ,  and signature q(k)=diag(l, k). According to [7,8], an 
element of SU,[q(k)] can be written as a 2 x 2  matrix g 

then the Yang-Baxter equation and det,(g) = 1 are equivalent to 

m(k)g*q-'(k) = G ) g * q - ' ( k ) g = 8  

Similarly, if an element h of SL&) is written as [8] 

then the Yang-Baxter equation and det,(h) = 1 are equivalent to - -  
h h = h h = l .  (29) 

The quantum group SU,[q(k), HI is the hyperbolic complexification of SU,[q(k)], 
SU,[q(k), HI c GL,(2, H),  and we require that the hyperbolic complex conjugation 
is included into the *-operator extended. Therefore an element g, of SU,[q(k), H] 
can be written as 

and g, satisfies (27). 
Let the map 6 be defined as 

r + s  x*- * 1 ' x + y  -qk(r*-s*) 
Y 

e(g)=h,= 

We have 

e = ap-' = n - ' ( K ) f h K )  (32) 
*here p is the isnmnrphis!!? in @ 5 ) ,  ?? is the prnjective m2p 

a: SL,(2)X SL,(2)+SLq(2) 
(33) 

a(M, N) = M M, N E  SL.(Z). 
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Therefore, from (27) we have 

this means hH E SL9(2). Evidently, e is an isomorphism 

0: SU,[l)(k), H]=SL,(2). (35) 
In the above discussion we obtain the results corresponding to (1) for the case of 

quantum groups. It can be extended to the general U,( 7. H) and other quantum groups. 
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